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This paper gives two proofs of the fact that the chromatic number of a non- 
orientable surface of genus q is equal to the integral part of (7 + Jl + 24q)/2 
whenever the latter is congruent to 1 modulo 12. 
1. PREFACE 
A prerequisite to the understanding of this paper is reference [3], in 
particular, Sections 5, 6, 7, 14, 15 and 16. The reader should perhaps 
start by skimming through 16 for the original, rather irregular, solution 
to Case 1; but it is Section 7 which develops the theory of cascades, a 
theory at the core of the resolution of Heawood’s conjecture. In any event, 
[3] is to be regarded as a general reference for all undefined terms; these 
will be italicized at their first appearance in the text. 
2. INTRODUCTION 
Case 1 of the Heawood conjecture is resolved by confirming Case 1 of the 
complete graph conjecture, that is, by showing that f(KIZs+l), the non- 
orientable genus of the complete graph with 12s + 1 vertices is 
249 - 10s + 1. The latter goal is achieved by exhibiting, for each s > 0, 
* Research sponsored in part by the Ah Force Office of Scientific Research, OtEce 
of Aerospace Research, USAF, under grant AFOSR-70-1942 at the University of 
California, Santa Cruz. The United States Government is authorized to reproduce and 
distribute reprints for Governmental purposes notwithstanding any copyright notation 
hereon. 
t Research sponsored in part by National Science Foundation grant GP-12461 at 
the University of California, Santa Cruz. 
26 
Copyright 0 1972 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
SMOOTH SOLUTIONS IN CASE 1 27 
a current graph with rotation having a single circuit and satisfying certain 
linear relations at the vertices. For example, consider the current graph 
of Figure 1 with clockwise rotation (indicated by a) at each vertex. The 
currents are from Z,, , the cyclic group of integers modulo 13. 
The currents found on the figure are l,..., 6 and these, together with their 
negatives, exhaust Z&/O, the non-trivial elements of Z,, . At the vertex 
of valence three, the inward flowing currents have sum 13, which is 0 
in Z,, . Under these circumstances, we say that Kc1 (= Kirchhof’s current 
law) holds at the vertex. Consider any vertex of valence two. Double the 
current leaving the vertex of valence one and add to it the current on the 
other arc flowing into the vertex of valence two-the sum is zero. For 
example, 2(l) + (-2) = 0,2(-4) + (-5) = -13 = 0,2(3) + (-6) = 0. 
(We say that the doublingproperty holds at each vertex of valence two.) 
Now record the log of the circuit to obtain the cyclic permutation 
12653654452i (1) 
of Z,,\O where -k is written as E. Rewrite (1) in positive form to obtain 
1 2 7 10 3 6 8 4 9 5 11 12. (2) 
Now consider (2) as row 0 of an array of 13 rows where row k is obtained 
by adding k to (2) in Z,, and making no change in the order; k E Z,, . The 
result is an index 1 scheme for K13 (notation a(&)), where the vertices 
are named by the elements of Z,, . This scheme is found on page 71 of [ 11, 
where 0 is recorded as 13. The point is that cr(&J satisfies R or R* atj, k 
for j, k = O,..., 12; j # k where R means that in regard to rows j, k one 
finds 
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and R* means 
. ‘.. &P ... 
;: . . . /jkol . . . . 
Such a scheme is called trianguEur. (Because u(&&) has index 1, it suffices 
to check R and R* for 0, a; a E Z,,\O; and we note that R holds at 0, a for 
a = &l, f3, f4 and R* for all other a.) 
By a theorem of Ringel, a triangular a(&) determines a triangular 
imbedding of K13 in a non-orientable surface 3, (see [3]) and the usual 
computation using the Euler characteristic shows that q = 15. A theorem 
which states that if K,, is triangularly imbedded in 3, then f(K,) = q 
(see [3]) now settles the complete graph conjecture if n = 13. 
The terse outline of the argument for K13 above is merely a chart for 
the general case K12s+l, but we hope it will give some guidance to the reader. 
The resolution of the problem depends entirely on providing a “suitable” 
current graph for general s > 1. 
It was observed in [2] that no solutions which generalized the current 
graph in Figure 1 had been discovered. The solution in Section 16 of [3] 
has the doubling property on only two pairs of arcs; hence it is not a 
generalization. Moreover, it was suggested in [3] that new geometries 
should be investigated in the hope of determining smoother solutions than 
provided therein. 
This paper gives two solutions, each of which is a generalization of 
Figure I, and each of which is, in our judgment, superior to the original 
in that the zigzag diagrams which solve the problem were easier to discover 
and are smoother in outline. 
In summary, we shall use the elements of Z,,,,, to name the vertices of 
K 129+1 and find an index 1 triangular a(Klz8+1) for s > 1. Our objective is 
achieved by using two types of current graphs, each a generalization of 
Figure 1. 
3. FIRST GENERALIZATION 
In this section, the generalization of Figure 1 uses a cascade. (The cascade 
is triangular but has two arcs at the right instead of the usual one; however, 
it is easy to see that such a modification causes no complications because 
the doubling property holds on the pair of arcs.) 
The solutions for s = 2 and 3 are shown in Figures 2 and 3. 
If s > 4, we use the partially filled in cascade of Figure 4 with 2s - 2 
broken rungs. We shall also need a modijiedform of Figure 4 in which the 
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6 12 2 
FIGURE 2 
6 16 14 16 12 
FIGURE 3 
directions on the two arcs carrying currents 1 and 6s are reversed, and 4s 
is permuted with 4s - 1. 
Only eight currents are displayed and we are faced with a distribution 
problem, namely, i?ll in the cascade with all the unused currents in the 
collection l,..., 6s so that Kc1 holds at each vertex of valence three. A 
solution to the distribution problem leads to an index 1 triangular 
I$&+~) as in Section 16 of [3]. 
3s-I 6s -2 
FIGURE 4 
A fortuitous decision on two items is of extreme importance: 
1. The currents selected to be placed between the broken rungs. 
2. The current pairs selected to be placed on paired horizontal arcs. 
In regard to item 1, we propose to use the collection 
2 ,..., 2s - 1. (3) 
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As for item 2, the current pairs are the unused currents in the vertically 
displayed pairs: 
2s 2s + 1 2s + 2 4s - 1 
. . . (4) 
6s - 1 6s - 2 6s - 3 4s 
We write PI, for the pair 2s + k, 6s - k - 1 and note that PI, PSel, 
and PzSml already appear in Figure 4. The currents willjlow to the right on 
the upper horizontals and to the left below. 
In exactly the same manner as proved in [3] the distribution problem 
is equivalent to a zigzag problem with mass function 
m(x) = 4s - 1 - 2x, 
s-l <x<2s-1. 
(The range of the mass function is (3).) 
A formal statement of the problem is: Given a P-axis, with units 
O,..., 2s - 1 marked on it, find a zigzag such that 
Zl. The zigzag starts at 1 and ends at 2s - 1. 
22. The zigzag passes through 0 ,..., se1 ,..., 2s - 1. 
23. The elements 2,..., 2s - 1 appear at the right as labels on the steps. 
24. The label at the right of a step is the length of the step, or the mass 
function at the center of the step. 
In regard to 24, if the label on a step is the mass function at the center 
of the step, then the center is marked by a dot, and the label set in boldface 
type. The step is said to be dotted. 
If the number of dotted steps is even, then there is an even number of 
twists and in filling out the cascade the smaller current in the couple 
PZseI is found above as in Figure 4. If the number of dotted steps is 
odd, then there is an odd number of twists and now the larger current 
in the couple P,,-, appears on top and the modified form of Figure 4 is 
used. A later example will help the reader to understand the general 
statements above. 
The data are displayed in Figure 5 where, as usual, the starting 
(terminating) position of the diagram is indicated by o(J) and the crossed 
out position s - 1 shows that the zigzag must not pass through this point. 
Values of the mass function for x = 2s - 312, 2s - 512, 2s - 712, and 
s - l/2 are displayed at these points. 
We propose to use the largest steps (except 2s - 1) in bars of fox trot 
cadence, that is, groups of four steps of successive lengths f, f + 1, 
f + 2, f - 1. (See Section 16 of [3].) 
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012 S-l 2s-I 
. 0 . . . . XPS* *a* .6.4*2? 
Labels to be used: 2,** * * .*, 2s-I 
FIGURE 5 
It is convenient to write 
s = 4t -I- k, k = 4, 5, 6, 7, t > 0. 
We shall employ t bars of fox trot starting with 
2s - 4, 
and terminating with 
2s - 3, 2s - 2, 2s - 5, 
s + k, s+k+l, s+k+2, s+k-1. 
Thus the initial part of the zigzag will use all the step lengths from 
s + k - 1 to 2s - 2. Notice that the step length 2s - 1 has not been 
employed and must therefore be found later as the label on a dotted 
step. 
In complete analogy with Section 16 of [3] we come next to the irregular 
part of the zigzag. However, it will be observed that there are only two 
types of irregularities: one in the event s I 0, 1 (mod 4) consisting of four 
steps; the other in case s z 2,3 (mod 4) consisting of six steps. This is 
a considerable improvement on the wildly irregular parts in Section 16 
of [3]. 
The discussion will continue in four cases depending upon the residue 
class of s modulo 4. Solutions for two values of s will be presented in each 
case and the heavily drawn steps will show the irregular part of the zigzag. 
The pattern of the terminal part of the zigzag is the same in all cases. 
Ifs = 4, 5,6,7, then t = 0 and there are no bars of fox trot. The zigzag 
starts with the irregular part. 
Case I, SSO mod4 
2 
1 
3 
FIGURE 6 
&.blI3/I-3 
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FIGURE 7 
A solution for all s = 0 modulo 4 is now quite clear. The irregular part 
has four steps with successive lengths s, s + 1, s + 2, and s. There are two 
steps of length s. The center of the second is found at s and m(s) = 2s - 1. 
This step is dotted and labelled 2s - 1. 
The terminal part is a simple spiral with step lengths s - 2,..., 2 and a 
final step of length s - 1. (See Figures 6 and 7.) 
Case II, SEI mod 4 
01234567*! SE5 . . . X10.6.6.4. . 
I 
6 
I 
7 
I 
0 
I 
I 
4% 
3 
2 
* 3 
FIGURE 8 
Case II. 
The irregular part has four steps with successive lengths s + 1, s + 2, 
s + 3, and s + 1. There are two steps of length s + 1. The center of the 
second is found at s and m(s) = 2s - 1. This step is dotted and labeled 
2s- 1. 
The terminal part is a simple spiral with step lengths s - I,..., 2 and a 
final step of length s - 1. There are two steps of length s - 1. The center 
of the second is at 3s - & and m@s - 4) = s. This step is dotted and 
labeled s. (See Figures 8 and 9.) 
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FIGURE 9 
Case ZZZ. 
The irregular part has six steps with successive lengths s + 3, s + 4, 
s + 2, s, s + 1, and s. There are two steps of length s. The center of the 
second is at s and m(s) = 2s - 1. This step is dotted and labeled 2s - 1. 
The terminal part is a simple spiral with step lengths s - 2,..., 2 and a 
final step of length s - 1. (See Figures 10 and 11.) 
Case ZV. 
The irregular part has six steps with successive lengths s + 4, s + 5, 
~+3,s+l,s+2,ands+l.Therearetwostepsoflengths+l.The 
center of the second is at s and m(s) = 2s - 1. This step is dotted and 
labeled 2s - 1. 
The terminal part is a simple spiral with step lengths s - l,..., 2 and a 
final step of length s - 1. There are two steps of length s - 1. The center 
Case III, Sz2 mod 4 
0 12345676910; 
S=6 . . . . X12.10. .  l .  l 
F 
9 
I O  
s 
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4 
i.! 
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2 
5 
FIGURE 10 
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Case IV, Sz 3 mod 4 
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FIGURE 12 
of the second is at 4s - 4 and m(#s - +) = s. This step is dotted and 
labeled s. (See Figures 12 and 13.) 
For the convenience of the reader, we provide an example to show how 
the zigzag enables us to fill in the corresponding cascade. Suppose s = 6 
and consider the modified form of Figure 4. It will have ten undirected 
broken rungs and ten pairs of unlabeled horizontal arcs directed to the 
right above and the left below. Place the sequence of labels 9, 10, 8, 6, 
7, 11, 4, 3, 2, 5 used in Figure 10 between the broken rungs, reading from 
left to right. Next, consider the sequence of positions occupied by the 
risers in the zigzag: 1, 10, 0, 8, 2, 9, 3, 7, 4, 6, 11. The corresponding 
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FIGURE 13 
sequence of current pairs will be placed on the horizontal arcs. We adopt 
the convention that if the smaller (larger) current of the pair Pk is to be 
placed on top then this instruction is denoted by recording Pk(Plc*). Now 
place the corresponding currents (going from left to right) on the diagram 
as follows: 
p, , p,, 9 p, , p, 9 p, , p, 9 p3*9 p7*, p4*, pe*, P& * 
Notice that the “twist” from P to P* comes between P9 and P3* where 
the current between the rungs is designated by 11. Moreover, PI is already 
in the figure at the left and PA at the right. 
The orientations on the broken rungs are determined by the requirement 
that Kc1 holds at each vertex of valence three. The cascade is thus com- 
pletely filled in. 
Before going on to the second generalization, we observe that the 
sequence of step lengths in the spectrum of zigzag solutions may be 
described tersely in a unified way. 
For s = 4t + k, k = 4, 5, 6, 7, the initial part of the zigzag consists 
of t bars of fox trot beginning with 2s - 4, 2s - 3, 2s - 2, 2s - 5 and 
endingwiths + k,s + k + 1,s + k + 2,s + k - 1. 
If s = 0,l (mod 4), then the irregular part consists of step lengths 5, 
.$ + 1, e + 2, [ where 5 is the largest length which produces risers under 
unoccupied positions. We simply say that 5 is maximal. Ifs = 2, 3 (mod 4), 
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then the irregular part consists of step lengths [, .!J + 1, t - 1, 5 - 3, 
t - 2, E - 3 with maximal 5. 
The terminal part is a simple spiral 7, q - 1,q - 2,..., 2 with maximal v 
and a final step of length s - 1 from position s to position 2s - 1. 
Finally, we provide information on the dotted steps. If s is even, the 
second step of length s is dotted and labeled 2s - 1. Ifs is odd, the second 
step of length s + 1 is dotted and labeled 2s - 1; in addition, the last 
step is dotted and labeled s. 
We have conducted this exercise to prepare the reader for the second 
generalization, which will be recorded in the abbreviated style introduced 
above. 
4. SECOND GENERALIZATION 
We use a current graph, no part of which is a cascade; that is, there 
are no broken rungs in the ladder. In this respect, the current graph is 
the same as that of Figure 38 in [3] used to resolve case 0 of the conjecture 
(cf. Section 14 of [3]). The situation for s = 2 is shown in Figure 14. 
c 
8 9 12 
FIGURE14 
In the general case, the current graph is that of Figure 15. There are 
2s - 2 rungs in the ladder and the rotations are clockwise (counterclock- 
wise) at the top (bottom) of each rung. 
5Stl 2s-I 5s 
FIGURE 15 
The fact that these are an even number of rungs guarantees that there 
will be a single circuit (cf. section 14 of [3]). There are three pairs of arcs 
such that each pair shares a vertex of valence two. Moreover, each pair 
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satisfies the doubling property. This means that,in the index 1 scheme 
for JG2s+l obtained by using the log of the circuit as row 0, rule R will be 
satisfied at 0, fa with a = s, 5s + 1, and 6s. Rule R* will hold at 0, fa 
for all other a if the distribution problem can be solved. The problem in 
this generalization requires us to place the unused currents in the collection 
1 ,..., 6s on the arcs of the graph so that Kc1 holds at each vertex of valence 
three. 
Once again it is important to make a felicitous decision regarding the 
currents to be used on the rungs. We propose to employ those elements 
in the set 
1 ,...) 2s (5) 
which do not already appear in Figure 15. The remaining elements in 
Z,,,+l\O are considered in pairs 
2s + 1 2s + 2 2s + 3 4s 
. . . 
4s + 1 4s + 2 4s + 3 6s 
(6) 
where Pk is defined to be the pair 2s + k, 4s + k, k = l,..., 2s. 
A glance at Figure 15 shows that the elements 1, s, 2s - 1, and 2s of (5) 
are currents in the figure, and hence cannot appear on rungs. This leaves 
2s - 4 currents to be distributed on 2s - 3 rungs so that we find ourselves 
short by one current. The deficiency will be repaired immediately. The 
current 6s of the pair PzS is on the first horizontal arc at the upper level 
and we propose to use its mate 4s on a rung. Both currents of the pair 
P,+l are in Figure 15; the current 3s + 1 is on the frrst rung and 5s + 1 on 
the first horizontal at the lower level. The currents in P, are on the third 
pair of horizontal arcs, with the larger current pointing to the right and 
the smaller left. There remain 2s - 3 pairs of horizontal arcs and to each 
such pair we intend to assign one of the 2s - 3 unused pairs in (6), with 
the larger (smaller) current always poining to the right (left). 
The distribution problem is equivalent to a zigzag problem with mass 
function 
m(x) = 6s + 1 - 2x. 
A formal statement of the problem is: Given a P-axis with units 
1 ,..., 2s - 1 marked on it, find a zigzag such that 
Zl. The zigzag starts at s. 
22. The zigzag passes through l,..., s?l,..., 2s - 1. 
23. The elements, 2 ,..., E ,..., 2s - 2, 4s appear at the right as labels 
on the steps. 
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24. The label at the right of a step is the length of the step, or the mass 
function at the center of the step. 
If the label on a step is the mass function at the center of the step, then 
the center is marked by a dot, and the label set in boldface type. 
In regard to Zl, there is no predetermined terminal point. If we terminate 
at Pk , this means that, in filling in the ladder from the zigzag, 2s + k and 
4s + k will appear on the diagonal arcs at the right with 4s + k 
pointing right and 2s + k left. Thus Kc1 is satisfied at the last vertex of 
valence three. This extra freedom is most welcome. 
Since the span of the diagram is 2s - 2, we can obtain 4s only by means 
of the mass function. Since m(s + l/2) = 4s, this means that our dotted 
step, labeled 4s, will have its center at s + l/2. It is worth mentioning that 
the mass function is useless in obtaining any other label, because its 
smallest value 2s + 4 (which occurs at 2s - 3/2) is beyond the range of 
our labels. 
The data for the zigzag problem are summarized in Figure 16. 
I 2 3 s .%I 2s-2 2s-I 
. . . . . . 04$X .  .  .  l l 
Labels to be used: 2 (... . .) s^ , . . . . . ) 2s-2.4s 
FIGURE 16 
The solutions are irregular for s = 3,4, 5. In all these cases, however, 
the zigzag begins with a step of length 2 to the left. If s = 3, the next 
step lengths are 4 and 3. There can be no ambiguity about direction though 
the reader is advised to draw the zigzag. Ifs = 4, we continue with step 
lengths 5,6, 5,3 and, ifs = 5, the continuation is 4,3,3,8,7,6. It remains 
merely to determine the dotted step so as to obtain the label 4s. Ifs = 3, 
dot the step of length 3; ifs = 4(5), dot the first step of length 5(3). 
If s > 6, then we describe the sequence of step Iengths in the zigzag 
solutions after the fashion of the last few paragraphs in Section 3. 
For s = 4t + k, k = 2, 3, 4, 5, t > 1, the initial part of the zigzag 
consists of a step to the left of length s - 1, followed by a simple spiral 
2s - 2,..., stopping with s ifs is odd and s + 1 ifs is even. In both cases, 
this means that the spiral ends to the left of the midpoint of Figure 16. 
This is now followed by a step of length 2 which must, of course, go to 
the right. 
Next, there are (t - 1) bars of fox trot cadence f, f + 1, f + 2, f - 1 
starting with maximal f: (This means that f = s - 4 if s is odd and 
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f = s - 3 ifs is even.) If t > 1, and s = 0, 1 mod 4, then the last bar of 
fox trot has step lengths 9, 10, 11, 8; this bar is followed by five steps with 
lengths 6, 7, 5, 3, 4. (If t = 1, then there are no bars of fox trot, and the 
zigzag ends with the aforementioned five steps.) If t > 1, and s = 2, 
3 mod 4, then the last bar of fox trot has step lengths 7, 8, 9, 6; this bar 
is followed by three steps with lengths 3, 4, 5. (If t = 1, then there are no 
bars of fox trot, and the zigzag ends with the three steps above.) In all 
cases, the zigzag terminates at position s + 3. 
Ifs is odd, then the last step in the initial part of the zigzag has length s, 
a prohibited label. Fortunately, its center is at s + l/2 and m(s + l/2) = 4s. 
Dot the center of this step and label it 4s. 
If s is even, then the first step of the zigzag is of length s - 1 and this 
length is repeated after the step of length 2: the repetition occurs at the 
third step unless s = 8, in which case it is the second. In any event, the 
second step of length s - 1 has its center at s + l/2, is dotted, and is 
labeled 4s. 
We conclude by indicating how to use the zigzag to solve the distribution 
problem. Consider a fixed s and draw Figure 15 for s. The zigzag for s 
will have a sequence of 2s - 3 labels on the steps, and there are also 
2s - 3 bare rungs. Moving from left to right, place these labels, in 
sequence, adjacent to the undirected rungs. The zigzag also provides us 
with a sequence of current pairs. (There will be two successive pairs Pj and 
P, with the property that j and k are the end-points of the dotted step.) 
Going from left to right, place these pairs, in sequence, along the bare, 
paired horizontal arcs, with the smaller current on top. (Recall that the 
smaller current points to the left and the larger current right.) Continue 
in this fashion to the pair Pj . Between Pj and PI, there is a twist, and, 
from P, on in the sequence, the larger current of each pair is recorded at 
the top. The requirement that Kc1 hold at each vertex of valence three 
determines the direction of each rung. The current graph is now complete. 
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